Abstract. Injective, pure-injective and fp-injective modules are well known to provide for approximations in the category Mod-R for an arbitrary ring R. We prove that this fails for many other generalizations of injectivity: the C 1 , C 2 , C 3 , quasi-continuous, continuous, and quasi-injective modules. We show that, except for the class of all C 1 -modules, each of the latter classes provides for approximations only when it coincides with the injectives (for quasi-injective modules, this forces R to be a right noetherian V-ring, in the other cases, R even has to be semisimple artinian). The class of all C 1 -modules over a right noetherian ring R is (pre)enveloping, iff R is a certain right artinian ring of Loewy length ≤ 2; in this case, however, R may have an arbitrary representation type.
Introduction
The importance of injective modules in algebra is based on the following two facts: their structure is known for many classes of rings, and each module has a unique injective envelope. Thus, minimal injective coresolutions exist and yield important homological invariants of modules, such as the Bass invariants [6, §9.2] .
It is easy to see that a module I is injective, if and only if I is pure-injective (i.e., each homomorphism f : N → I from a pure submodule N of a module M extends to M ) and I is fp-injective (i.e., Ext 1 R (F, I) = 0 for each finitely presented module F ). These two more general notions of injectivity also fit well in approximation theory: pure-injective modules provide for envelopes (though they are not closed under extensions in general), and the fp-injective modules for special preenvelopes (though fp-injective envelopes need not exist in general, see [10, 14.62] ).
There are other generalizations of injectivity; here, we will consider the ones studied in [14, Chapter 2] : Definition 1.1. Let R be a ring and M a module. Then M is a C 1 -module provided that every submodule of M is essential in a direct summand of M ; M is a C 2 -module provided that A is a direct summand in M whenever A is a submodule of M such that A isomorphic to a direct summand in M ; M is a C 3 -module in case the following holds true: if A and B are direct summands in M and A ∩ B = 0, then A + B is a direct summand in M .
C 1 -modules are also called extending or CS-modules. Clearly, each uniform module is C 1 .
It is easy to see that each C 2 -module is also a C 3 -module. Conversely, for each module M , if M ⊕ M is a C 3 -module, then M is a C 2 -module. However, C 3 is a weaker property in general: if R is any integral domain which is not a field, then R is C 3 , but not C 2 . Definition 1.2. A module M is quasi-injective in case each homomorphism g : N → M from a submodule N of M extends to M . It is easy to see that M is quasiinjective iff M is a fully invariant submodule of its injective hull. For example, each semisimple module is quasi-injective.
A module M is continuous, if M is both C 1 and C 2 ; M is quasi-continuous if M is both C 1 and C 3 .
The following chain of implications is well known and easy to prove for any
In order to simplify our notation, we let C i denote the class of all C i -modules for i = 1, 2, 3. Moreover, C 4 , C 5 , and C 6 will denote the classes of all quasi-continuous, continuous, and quasi-injective modules, respectively. Thus, we have the following inclusions
It is natural to ask whether these classes C i of generalized injective modules provide for envelopes or preenvelopes. Our main goal here is to show that in contrast with the classes of all pure-injective and fp-injective modules, the classes C i rarely provide for approximations in Mod-R, and analyze these rare cases in detail.
Preliminaries
We start with recalling basics from the approximation theory of modules. Let C be a class of (right R-) modules. A homomorphism g : M → E is a C-preenvelope (or a left C-approximation) of a module M , provided that E ∈ C and each diagram
can be completed only by an automorphism α, we call g a C-envelope (or a minimal left C-approximation) of M . It is easy to see that the C-envelope is unique up to isomorphism. If each module has a C-(pre)envelope, then C is called a (pre)enveloping class of modules.
For example, if C is the class of all injective modules, then C is enveloping: a C-envelope of a module M is provided by the inclusion M ֒→ E(M ) where E(M ) is the injective hull of M .
Dually, we define the notions of a C-precover (= right C-approximation) and a C-cover (= a minimal right C-approximation) of a module M , and of a (pre)covering class of modules.
If C is the class of all injective modules, then C is (pre)covering, iff R is a right noetherian ring (see e.g. [6, 5.4.1] ). For example, if R is a Dedekind domain, then an injective cover of a module M is easily seen to be provided by the embedding D ֒→ M where D is the divisible part of M .
It is easy to see that all the classes C i (1 ≤ i ≤ 6) defined above are closed under isomorphisms and direct summands, so the following lemma applies to them: Lemma 2.1. Let R be a ring and C be a preenveloping (precovering) class of modules closed under isomorphisms and direct summands. Then C is closed under direct products (direct sums).
Proof. Assume C is preenveloping and let (E i | i ∈ I) be a family of modules in C. Let f : P → C be a C-preenvelope of the module P = i∈I E i . Denote by π i : P → E i the canonical projection (i ∈ I). Then there exist homomorphisms
for all x ∈ P . Thus P is isomorphic to a direct summand in C, and P ∈ C by our assumption on the class C.
The proof for the precovering case is dual.
3. C i -modules and approximations for i > 1
For i > 1, the main obstacle for the existence of C i -preenvelopes comes the following simple lemma:
We claim that A and B are direct summands in C. Since A is a direct summand of M we have a commutative diagram
So the inclusion map A ֒→ C splits, and A is a direct summand in C.
Similarly, B is a direct summand in C. Since C ∈ C i , C is a C3-module. Then A + B is a direct summand in C, and hence in M , a contradiction. Now, we can prove that the classes C i (2 ≤ i ≤ 6) provide for preenvelopes and precovers only if they coincide with the class of all injective modules: Next we prove that (2) implies (4). Since all semisimple modules are quasiinjective, (2) implies they are injective; in particular, R is a right V-ring. We will prove that that R is right noetherian. Assume this is not the case, so there is a strictly increasing chain of finitely generated right ideals in R
Let I = n<ω I n . Since the module I 2n+1 /I 2n is non-zero and finitely generated, there is an epimorphism ρ n : I 2n+1 /I 2n → S n where S n is a simple module, for each n < ω.
We will define ϕ ∈ Hom R (I, S), where S = n<ω S n , as the union ϕ = n<ω ϕ n where ϕ n ∈ Hom R (I 2n , m<n S m ) and ϕ n+1 ↾ I 2n = ϕ n for each n < ω.
First, ϕ 0 = 0. If ϕ n is defined, we use the injectivity of the semisimple module T n = m<n S m to extend ϕ n to η n ∈ Hom R (I 2n+1 , T n ). Consider the canonical projection π n : I 2n+1 → I 2n+1 /I 2n . Then 0 = ρ n π n (x n ) ∈ S n , but ρ n π n (I 2n ) = 0. We define ϕ n+1 as an extension to I 2n+2 of the morphism η n + ρ n π n :
Since S is semisimple, its injectivity yields an extension of ϕ to some ψ : R → S. The image of ψ is contained in T n for some n < ω, so ϕ n+1 (x n ) = ϕ(x n ) = ψ(x n ) ∈ T n , a contradiction.
Since injective modules form a covering class over any right noetherian ring (see [6, 5.4 .1]), condition (4) holds.
In view of (♣), it remains only to show (2) ⇒ (5) for i = 5 (i.e., for the smallest class C 5 ). But this has already been proved in [13, Corollary 2] .
In the case of quasi-injective modules (i.e., for i = 6), it is well known that each module has a (unique) minimal quasi-injective extension, namely the sum of all images of M taken over all the endomorphisms of E(M ), see [14, Corollary 1.15 ]. This extension, however, is not a quasi-injective (pre)envelope in general (just note that for each non-injective module N , the module M = N ⊕ E(N ) has no quasiinjective preenvelope by Lemma 3.1). In the quasi-injective case, we cannot say much more about the properties of the rings R satisfying the equivalent conditions of Theorem 3.2. In fact, we have It is well-known that right noetherian rings are characterized by the property that the class of all injective modules is closed under arbitrary direct sums, and right hereditary rings by the injective modules being closed under homomorphic images. It turns out that we can relax this characterization by employing any of the larger classes C i (1 < i ≤ 6) studied here; indeed, the largest class C 3 is sufficient:
Lemma 3.4. The following conditions are equivalent for a ring R: (1) R is right noetherian; (2) The direct sum of any set of injective modules is a C 3 -module.
Proof. Clearly (1) ⇒ (2). (2)⇒ (1): Let C = i∈I E i be a direct sum of injective modules. Then M = C ⊕ E(C) is also a direct sum of injective modules, so both C and M are C 3 by the assumption (2) . By Lemma 3.1, this implies that C is injective, and proves (1). 
Proof. Clearly (1) ⇒ (2).
(2) ⇒ (1) Let I be an injective module and M be a submodule of I. Then I/M ⊕ E(I/M ) is a homomorphic image of the injective module I ⊕E(I/M ), hence it is C 3 by assumption. Since I/M is C 3 , too, Lemma 3.1 implies that I/M is injective.
The case of C 1 -modules
In this section, we will deal with the remaining case of i = 1, that is, of C 1 -modules. These modules are important in the decomposition theory of modules, see e.g. [7] and [8] . We start with a lemma showing that if C 1 is closed under finite direct sums, then all 'singular' C 1 -modules are injective: Consider the module M = E(R) ⊕ N and its submodule J = {(i, f (i)) | i ∈ I}. Clearly, I ∼ = J via the map e : i → (i, f (i)). Moreover, M ∈ C 1 by our assumption on the class C 1 . So there are an essential extension J U ⊆ M and a submodule V ⊆ M such that M = U ⊕ V . Then E(R) ∼ = E(U ), so Hom R (N, U ) = 0 by our assumption on N . It follows that N is a direct summand in V , whence U is isomorphic to a direct summand in E(R), and U is injective. Hence e extends to an h : R → U . Let π : M → N denote the canonical projection, and put g = πh : R → N . Then g ↾ I = f , a contradiction. Example 4.3. Let R = U T 2 (K) denote the upper-triangular 2×2 matrix ring over a skew-field K. Up to isomorphism, there are just three indecomposable modules: the simple projective A, the simple injective B, and the projective and injective C, and each module is a direct sum of copies of these modules. The singular modules are those isomorphic to direct sums of copies of B, so R is a (hereditary) SI-ring. In fact, in this case C 1 = Mod-R (see Theorem 4.5 below).
The following property of C 1 -modules plays a key role in the noetherian setting: Proof. Assume (1). By Lemma 2.1, C 1 is closed under direct products.
Let M be a C 1 -module. Then for each cardinal κ, also M κ ∈ C 1 . By Lemma 4.4, M κ ∼ = i U i where each U i is uniform, hence a submodule of an injective hull of a cyclic module. Let λ R denote the supremum of cardinalities of injective hulls of all cyclic R-modules. Then for each cardinal κ, M κ is a direct sum of ≤ λ R -generated modules. By [11, Theorem 10] , this implies that M is a Σ-pure-injective module.
Moreover, each direct sum D = k C k of C 1 -modules is a pure submodule in the direct product P = k C k . By the above, P is Σ-pure-injective, so all its pure submodules are direct summands. In particular, D is a C 1 -module, so the class C 1 is also closed under direct sums. By [12, Corollary 3] , R is a right artinian ring and each uniform module U has composition length at most 2, whence U is either simple or injective.
Assume (2) . By [5, Lemma 5] , any direct sum of simple modules and injective modules of length 2 is C 1 , so C 1 coincides with the class of all modules of the form S ⊕ I where S is semisimple and I is injective by Lemma 4.4. Since R/J is semisimple artinian, and semisimple modules are exactly the ones annihilated by the Jacobson radical J of R, the class C 1 is closed under direct products and, again by [11, Theorem 10] , all semisimple modules are -pure-injective, and so are all modules in C 1 .
Let S ⊆ U be a representative set of all simple modules and all indecomposable injectives. If N is an arbitrary module, then there is only a set of homomorphisms from N to the modules in S. Let u : N → C be the product of these morphisms. Then C ∈ C 1 by the above. If M ∈ C 1 , then M is isomorphic to a direct sum of elements of S, and hence to a direct summand in the direct product P of those elements. Now, each homomorphism f : N → P factorizes through u. Since there is a split monomorphism M ֒→ P , we infer that u is a C 1 -preenvelope of N . Finally, all modules in C 1 are pure-injective, so N has a C 1 -envelope by [10, 5.11] , and (1) holds. Proof. (1) ⇒ (2): Since each commutative artinian ring is a finite direct product of local rings [1, p.312] , in view of Theorem 4.5, we can assume that R is a local artinian ring such that each uniform module is either simple, or injective of composition length 2. Let S denote the simple module. Then Soc(R) = j<n I j is the unique maximal ideal of R, and I j ∼ = S for each j < n. If n > 1, then the locality of R implies that R/ 0<j<n I j and R/ j<n−1 I j are uniform modules of length 2, so they are both isomorphic to E(S). Since R is commutative, necessarily 0<j<n I j = j<n−1 I j , a contradiction. This proves that n = 1, that is, R is a principal ideal ring of length ≤ 2.
(2) ⇒ (3) follows by Theorem 4.5, since each R i is of finite representation type, and if R i is not a field, then R i has just two representatives of indecomposable R imodules: the injective one, R i , and the simple one, R i /Soc(R i ). The implication (3) ⇒ (1) is obvious.
By Theorem 4.6, the commutative rings R such that C 1 is preenveloping are necessarily of finite representation type. This is not the case in general. Our final example shows that there is no bound on the representation type even for hereditary artin algebras R such that C 1 is preenveloping: R can be of finite, tame or wild type:
Example 4.7. Let K ⊆ F be skew-fields and R = U T 2 (F, K) the subring of M 2 (F ) consisting of the matrices
is the ring from Example 4.3 in the particular case of K = F ). Assume that d = dim F K is finite. Then R is right artinian and left and right hereditary (and R is left artinian, iff dim K F < ∞). By the right-hand version of [2, III.2.1], the category Mod-R is equivalent to the category C of triples: right R-modules correspond to the triples (A, B, f ) ∈ C such that A is a right F -module, B a right K-module, and f ∈ Hom K (A, B), while right R-homomorphisms correspond to the maps between triples (A, B, f ) ∈ C and (A ′ , B ′ , f ′ ) ∈ C defined as the pairs (α, β) such that α ∈ Hom F (A, A ′ ), β ∈ Hom K (B, B ′ ), and βf = f ′ α. In this correspondence, indecomposable injective modules correspond to the triples (F, 0, 0) and (H, K, g), where H is the right F -module consisting of all right K-homomorphisms from F to K (so H ∼ = F , because d < ∞), and g : F ⊗ F H → K is the right K-homomorphism defined by g(f ⊗ h) = h(f ), see , which shows that the injective module corresponding to its middle term has length 2 (it has a simple socle corresponding to (0, K, 0), and a simple top corresponding to (F, 0, 0)). By Theorem 4.5, the class of all C 1 -modules is preenveloping. However, if d > 1, then C 1 = Mod-R (as P / ∈ C 1 , where P is the indecomposable projective module which is not simple).
Finally, by [4, Theorem on pp. [2] [3] , the ring R is of finite representation type for d ≤ 3, it is of tame type for d = 4, and it is wild for d ≥ 5.
